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Let (R. m) bc ;I one-dimensional Gorenstein local rin p and I an ur-primarv ideal of R. In this 
paper. generalizin_g ;I result hy Orecchia and Ramella (Mnnuscriptn Math. hS (IYYO) l-7). wc 
give necessary and sufficient conditions for the conductor of the blowing-up of R alor+ I hcing 
equal to ;1 power of I in terms of the rcbcriorr C~.V/XUKV~~ and the ,gefur.s of 1. 
Introduction 
Let (R. 111, k) be a one-dimensional Cohen-Macaulay local ring and i an 
m-primary ideal of R which is not a principal ideal. We denote by S the fif;r.sr 
neighborhood ring of I (or the blowitlg-up of R along Ij. namely 
s = B(I) := u (I” : I”), . 
,I z(l 
where Q = Q(R) is the total quotient ring of R (cf. [ 1.21). Then S is an over-ring 
of R which is a finitely generated R-module. and S # R by the assumption on I. 
Put 
c(l) = (R : S). = ann,JSIK) : 
we call c(l) the cort~rrctor of I. Orecchia and Ramella show that if the associated 
graded ring G(m) = @,, _:(, IN”/ HI”+ ’ is Gorenstein. then c(m) is equal to a power 
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of m (cf. [S, Theorem 2.61). The aim of this paper is, for any m-primary ideal Z of 
a Gorenstein local ring R, to give necessary and sufficient conditions for c(Z) 
being equal to a power of 1 which include the above-mentioned resuit of Orecchia 
and Ramella as a special case. 
0. Preliminaries 
Throughout this paper, let R, Z and S be as in the Introduction and we put 
g(Z) = Z(SIR) , and 6(Z) = min{n 20 1 I(Z”lZ”+‘) = e(Z)} . 
We call g(Z) and 6(Z) the genLts and the reduction exponent of Z respectively (cf. 
[3]). Recall that 
6(Z) = min(n 2 0 1 /(R/Z”‘) = e(Z)m - g(Z) for all i;r 2 n) 
=min{nhO] S=(Z”: I”)} 
=min{n:-O]xZ”=Z”+‘forsomexEZ} 
(the last equality holds if k is an infinite field, cf. [3, Theorem 5.11). The idea1 Z is 
said to be stable if the following equivalent conditions hold (cf. [I, 31): 
(1) e(Z) = Z(ZIZ’). 
(2) 6(Z) 5 1. 
(3) p,(Z) := g(Z) - e(Z) + [(R/Z) = 0. 
For example, m is stable if and only if emb(Rj = e(R). 
We denote by G(Z) and R(Z) the associated graded ring BnzO In/Z”+’ and the 
Rees algebra $,,?,, I” of Z respectively. 
1. The conditions for c(l) being a power of I 
First we not+- that if S(Zj = s, then S = (I” : rS) and we have I” C c(Z) (cf. [8, 
Theorem 1.31,. 
Proposition 1 (cf. [8, Lemma 1.51). Zf c(Z) = I” for Some n 2 1, then n = 6(Z). 
Proof. Put 4(Z) = s. Since I” C c(Z) = I”, we have s 2 n. On the other hand, since 
c(Z)5 = c(Z), we have S C (c(Z) : c(Z)) = (Z” : Z”). Hence S = (Z” : Z”) and s 5 n. 
Therefore, we get n = s. 0 
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Corollary 2. Assume that R is not a discrete valuation ring. Then C(N) = III if and 
on!y if emb( R) = e(R). 
Proof. If emb(R) = e(R), then m is stable and we have m C c\m) Z R. Therefore, 
c(m) = m. The converse follows from Proposition 1. 0 
In the rest of this section, we always assume that R is Gorei. .+ein. Then we 
have g(Z) = /(R/c(Z)). In fact, since c(Z) e Horn, (S, R), R/c(Z) is isomorphic to 
Ext’(SIR, R) and we get 
f(Rlc(Z)) = Z(Ext’(SIR, R)) = f(SIR) = g(Z) 
by the duality theorem for Gorenstein local rings. 
Theorem 3. Put 6(Z) = s. Then the following conditions are equivalent: 
(1) c(Z)= I” ( 0, e v 4 uivalentiy c(Z) is equal to a power of I). 
(2) s = 2g(Z) /e(Z). 
(3) G(Z”) is Gorenstein. 
Moreover, if these conditions are satisfied, then S = B(Z) is a Gorenstein semilocal 
ring. 
Proof. (1) ~(2) Since I” C c(Z) and I(RIZ’) = e(Z)s - g(Z). 
c(Z) = I” e /(R/c(Z)) = I(RIZ”) 
G&Z) = e(Z)s - g(Z) e s = 2g(Z) /e(Z) . 
The equivalence of (2) and (3) follows from [6, Proposition 3.11. 
If G(Z’) is Gorenstein, then any local ring O,Y., of the scheme X = Proj(G(Z”)) 
is Gorenstein. Hence the scheme Proj(R(Z”)) s Spec(B(Z”)) is also Gorenstein. 
and this implies that the ring B(Z) = B(I”) is Gorenstein. 0 
Corollary 4. The following conditions are equivalent: 
(1) c(Z) = I. 
(2) Z is stable and e(Z) = 24RlZ). 
(3) Z is stable and G(Z) = $,,?,, Z’*lZ”+’ is Gorenstein. 
Proof. This follows from Theorem 3. Note that if Z is stable, then 
e(Z) = g(Z) + I(RIZ), and e(Z) = 2g(Z) if and only if e(Z) = 24RIZ). E 
We denote by F(G(Z), t) the Hilbert series of G(j). namely. F(G(Z). t) = 
c,:=,; I(z”/z”+‘)t”. Put 
(1 - t)F(G(Z), t) = a,, + a,t + - . - + a,Vt\‘ , a, # 0 . 
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Then we have S(I) = S. We say that G(I) is symmetric if n; = (I,,_; for any i. 
Or i 5 s. By [7, Theorem 1.61, G(I) is Gorenstein if and only if it is Cohen- 
Macaulay and symmetric. 
Lemma 5. If G(I) is sytnmetric. fhen 6(Z) = 2g(Z)le(Z). 
Proof. This follows from the proof of [7. Lemma 3.31. C 
Corollary 6 (cf. [S. Theorem 2.61). ff G(Z) is symmetric (in particular, if G(2) is 
Gorenstein) and S(I) = s. then c(l) = I’. 
Proof. This follows from Theorem 3 and Lemma 5. q 
For the maximal ideal lit, it is shown in [8, Theorem 2.71 that c(m) C I)I’ or 
c(111) = 111. 
Coroilary 7. (1) c(m) = :n if ntzd only if e(R) = 2. 
(2) c(m) = 111’ if nrzd or11y if emb(R) = e(R) - 1. 
Proof. ( 1) follows from Corollary 2 and i4, Theorem 3.6 (l)] (or by Corollary 4). 
This also follows from [S, Theorem 1.3 and Theorem 2.71. 
(2) By [4, Theorem 3.6 (2)]. emb(R) = e(R) - I if and only if 6(m) = 2, and in 
this case G(m) is Gorenstein. Hence the assertion follows from Proposition 1 a;ld 
Corollary 6. El 
Proposition 8. Assume that 6(m) = 3. Then the following conditions are quiv- 
aleru: 
(1) G(m) is symmetric. 
(2) c(m) = In3 and e(R) = 2emb(R). 
(3) e(R) = 2emb(R) nrzd g(m) = 3emb(R). 
Proof. Put e(R) = e, emb(R) = u and g(m) = g. 
(1) + (2) By Corollary 6, c(m) = ttt’. On the other hand. since 
(1 - t)F(G(m), t) = 1 + (u - l)t + (u - 1)t’ + t’ . 
WC have r=2+2(u-1)=2u. 
(2) 3 (3) By Theorem 3, 2g/e -= 8(nl) = 3. Hence g = 3e!2 = 3~. 
(3) 3 ( 1) Since 6(m) = 3. 
(I - t)F(G(nt), c) = 1 + (u - 1)r + n,t’ + n,t3 
for some CI, E Z. Hence by [4. Proposition 1.11, we have 
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e= 1 +(lJ- l)+a,+u, 
and 
g=(u-1)+2n,+3a,. 
By the assumption, u = a2 + a3 and 3u = g = (u - 1) + 2u + ~1~ = 3u - 1 + uJ. 
Thus we get n3 = 1 and a, = u - 1. Therefore. G(m) is symmetric. G 
2. The conductor of the normalization 
In this section, we consider the conductor of the normalization of R. Assume 
that R is a one-dimensional analytically unramified noetherian local ring, Let R be 
the integral closure of R and put C = (R : E)_ For an ideal J of R. we denote bv 5 
the integral closure of 1, and we say that J is integrally closed if j = .I. Recall that 
J = JR n R. Let Z be an integrally closed m-primary ideal of R. We say that I is 
normal (respectively quusi-normal) if I” is integrally closed for any II L 1 (respec- 
tively for any n % 0). Note that I is quasi-normal if and only if R = B(Z), and in 
this case I” is integrally closed for any n 2 6(Z) (cf. [5, Lemma 5.1(l)]). If Z is 
normal, then G(Z) is Cohen-Macaulay (cf. [S. Lemma 5.1(2)]). The following 
propositions can be proved using corresponding results for the conductors of 
blowing-up and the above remarks. So we omit their proofs. 
Proposition 9. ( 1) Zf S(Z) = s, &en I” C C. 
(2) C = I” if and only if 1 is quasi-nonnnl and c(Z) = I”. 0 
Theorem 10. Asslrme thut R is Gorenstein and put 6(Z) = s. Then C - Z’ if and 
only if Z is quasi-normal and s = Q(Z) /e(Z). 0 
Corollary 11. Assume that R is Gorenstein and unulyticuily irreducible. Then C is 
equal to u power of Z if und only if I is quusi-normul and 2&Z) is di,*isihle by e(Z). 
Proof. (Only if) By Proposition 9(2) and Theorem IO, Z is quasi-normal a;ld 
2g(Z) /e(Z) = 6(Z) E Z. 
(If) Since Z is quasi-normal. by [3. Theorem 5.3(8)]. 
s := 6(Z) = {21(RIC) /c(Z)} = {21(S/c(Z)) /e(l)) 
= {2&1)/e(Z)} = Zg(l)/e(Z) . 
where {x} = min{n E Z ) s 5 II}. Hence c(Z) = !” by Thcorcrn 3. Therefore. C = 
I” by Proposition 9(2). [I 
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Proposition 12. (1) C = m if and O~?!JJ if emb(R) = e(R) and III is normal. 
(2) Assume that R is Gorenstein. Then C = II? if and only if emb(R) = e(R) - 1 
and KI is normal. 0 
Proposition 13. Assume that R is Gorenstein. Then the foPowing conditions are 
equivalent: 
(1) G(w) is Gorenstein, S(W) = 3 and III is normal. 
(2) C = nr”, e(R) = 2emb(R) and nt’ is integrally closed. Cl 
From the exact sequence 
nt’ is integrally closed if and only if 
I(RI(nt’R + R)) = 2e(R) - emb(R) + 1 . 
Let H be a numerical subsemigroup of N. Put 
and 
R = k[[H]] = k[[t” ] n E H]] 
e = e(R) = min{n E H 1 n >O} . 
Then R = k[[t]] and 111’77 = tYc[[t]j. Hence @/(m’ x + R)) = 
Card{n E N - H 1 n -=x 2e). Therefore, m’ is integrally closed if and only if 
Card{ n E H 1 e 5 n < 2e) = emb(R). 
Example 14. (1) For any integer u 2 2, put 
H = (2u, 2u + 1,. . . ,3u - 1) and R = k[[H]]. 
Then h is Gorenstein, e(R) = 2u, emb(R) = u, C = m3 and Card{n E H I e 5 n < 
2e) = Card{2u, 2u + 1,. . . ,3u - l} = u. Therefore, R satisfies the conditions in 
Proposition 13 and G(m) is Gorenstein. 
(2) Assume that emb(R) = 3. Then R = k[[H]] satisfies the conditions in 
Proposition 13 if and only if H = (6, 7, S} or (6, 7, 9). 
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